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Abstract
In this article, a cylindrical symmetry and static solution of the
Einstein’s field equations, was presented. The spacetime is confor-
mally flat, regular everywhere except on the symmetry axis where it
possesses a naked curvature singularity. The matter-energy source
anisotropic fluids violates the weak energy condition (WEC), diverge
on the symmetry axis. We discuss geodesics motion of free test-
particles near to the singularity, and geodesic expansion in the metric
to understand the nature of singularity which is naked or covered, and
finally the C-energy of the spacetime.
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1 Introduction
Investigation of the nature of singularities in gravitational collapse solution
of the Einstein’s field equations in different systems are of particular in gen-
eral relativity. The study of gravitational collapse in spherically symmetric
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spacetime has led to many examples of naked singularities (e.g. [1, 2], see
also [3, 4] and references therein). In addition, cylindrical symmetric system
have great interest because of one degree of freedom for gravitational waves.
Therefore, gravitational collapse in cylindrical symmetric system is the sim-
plest one which contains both collapsing body and gravitational waves. A
small samples of gravitational collapse model in this system with naked sin-
gularities are [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. Some other non-
spherical gravitational collapse model also possesses a naked singularity (e.g.
[19, 20, 21]). Long back, Thorne proposed a hoop Conjecture [22] concerning
the formation of black holes in cylindrical symmetry system. However, the
general proof of this Conjecture has not yet been known.
In this article, a cylindrical symmetric and static solution of the field
equations, possesses a naked curvature singularity on the symmetry axis,
satisfying the strong curvature condition, will be presented. Here we have
relaxed the Darmois conditions, and the presented solution is a special case
of the very well-known static, cylindrical symmetry and conformally flat so-
lutions [23] (see also, [24]).
2 Conformally flat nonvacuum spacetime
Consider the following static and cylindrical symmetric spacetime (x0 =
t, x1 = r, x2 = φ, x3 = z) given by
ds2 = − sinh2 r dt2 + cosh2 r dr2 + sinh2 r dφ2 + sinh2 r dz2, (1)
where we have chosen the speed of light c = 1, the Planck’s constant h = 1,
and the gravitational constant G = 1 such that individual term in the line
element has same dimension. The ranges of the coordinates are
−∞ < t <∞, 0 ≤ r <∞, φ ∈ [0, 2 π), −∞ < z <∞. (2)
The metric has signature +2 and its determinant
det g = − sinh6 r cosh2 r, (3)
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degenerates on the symmetry axis at r = 0. The presented spacetime (1) is
a nonvacuum solution of the field equations and the non-zero components of
the Einstein tensor are
G00 =
1
3
G11 = G
2
2 = G
3
3 = csch
2r. (4)
The Ricci scalar (curvature scalar) R of the metric (1) is
Rµµ = R = −6 csch2r. (5)
And the Kretschmann’s curvature scalar is
K = Rµνρσ Rµνρσ = 12 csch
4r. (6)
From above, it is clear that the Kretschmann’s curvature scalar (K) diverge
on the symmetry axis at r = 0, vanish rapidly at spatial infinity r → ∞
along the radial direction. Since the curvature singularity occurs without an
event horizon, and the presented solution does not represent a black holes.
Therefore, the singularity which is formed due to scalar curvature in a region
non-covered by an event horizon is naked.
The presented spacetime (1) satisfy the following conditions :
(i) The existence of an axially symmetric axis [25, 26, 27]: The spacetime
that has an axially symmetric axis is assured by the condition,
X = ||∂φ||2 = |g(∂φ, ∂φ)| = |gφφ| = | sinh2 r| → 0, (7)
as r → 0+, where we have chosen the radial coordinate such that the axis is
located at r = 0. Here ∂φ is a spacelike Killing vector fields, the generator of
axial symmetry along the cylinder whose orbit is closed.
(ii) The elementary flatness on the axis [26, 27, 28, 29] : This condition
implies that the spacetime be locally flat on the axis, which can be expressed
as,
(∇µX) (∇µX)
4X
→ 1, (8)
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as r → 0+. This two conditions ensure the cylindrical symmetry of a space-
time, and φ denotes the axial coordinate with the hypersurfaces φ = 0 and
φ = 2 π being identical.
(iii) No closed timelike curves (CTCs) : We shall consider there is no
possibility of occurring closed timelike curves, and simply require that
gφφ > 0, (9)
hold in all the region of the spacetime considered.
The Einstein field equations (taking cosmological constant Λ = 0) are
given by
Gµν = κT µν , µ, ν = 0, 1, 2, 3. (10)
where κ = 8 π and T µν is the energy-momentum tensor.
For the presented metric, we consider the following energy-momentum
tensor
Tµν = (ρ+ pφ)Uµ Uν + pφ gµν + (pr − pφ) ηµ ην + (pz − pφ) ζµ ζν, (11)
where ρ is the energy density, pr, pφ and pz are the principal stresses. Here
Uµ is the timelike unit four-velocity vector, ηµ and ζµ are the spacelike four
vectors along the spatial direction r and z, respectively satisfying
Uµ Uµ = −1, ηµ ηµ = 1 = ζµ ζµ, ηµ Uµ = ζµ Uµ = ηµ ζµ = 0. (12)
For static fluid distributions, from the spacetime (1) we have
Uµ = − sinh r δ0µ, ηµ = cosh r δ1µ, ζµ = sinh r δ3µ. (13)
Therefore, the non-zero components of the energy-momentum tensor from
(11) using (13) are
T 00 = −ρ, T 11 = pr, T 22 = pφ, T 33 = pz, (14)
and the trace of the energy-momentum tensor is
T µµ = T = −ρ+ pr + pφ + pz. (15)
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Equating the non-zero components of the field equations (10) using (4) and
(14), one will get
− κ ρ = csch2r, κ pr = 3 csch2r, κ pφ = κ pz = csch2r, (16)
where κ = 8 π.
From above, it is clear that the energy-density of anisotropic fluids (pφ =
pz = pt tangential stress) violate the weak energy condition (WEC) [30].
In addition, the physical parameters ρ, pr, pt are singular (diverge) on the
symmetry axis at r = 0, and vanish rapidly at spatial infinity r →∞.
The presented cylindrically symmetric spacetime (1) is conformally flat
since the Weyl tensor vanishes, i.e., Cµνρσ = 0 and static. The general in-
tegration of the conformally flat condition, for static and cylindrically sym-
metric case with anisotropic fluids was obtained by L. Herrera et. al. [23].
The authors there shown that any conformally flat and cylindrically sym-
metric static source cannot be matched through Darmois conditions to the
Levi-Civita spacetime, satisfying the regularity conditions. Furthermore, all
static, cylindrical symmetry solutions (conformally flat or not) for anisotropic
fluids have been found in [24]. In the present work, we have relaxed the Dar-
mois conditions and the solution is a special case of the solutions [23] (section
4), and also a member of the general solutions exhibited in [24] (section 9.2).
We considered static fluid distributions, there are only three kinematic
variables, namely, the expansion Θ, the acceleration vector U˙µ, and the shear
tensor σµν associated with the fluid four-velocity vector which are defined by
Θ = Uµ;µ,
aµ = U˙µ = Uµ ; ν Uν ,
σµν = U(µ ; ν) + U˙(µ Uν) − 1
3
Θ hµν , (17)
where hµν = gµν + Uµ Uν is the projection tensor. For the metric (1), these
parameter have the following expressions :
Θ = 0 = σµν , a
µ = cschr sechr δµr . (18)
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The magnitude of the acceleration four vector defined by a2 = aµ aµ is a =
cschr, which vanish at spatial infinity r → ∞. The presented cylindrical
symmetry, static solution therefore have acceleration, non-expanding, and
shear-free.
Next, we discuss the geodesic motion of free test-particles, nature of sin-
gularities and its strength, and the C-energy of the presented spacetime.
(A) Geodesics in the neighborhood of the singularity
The Lagrangian for the metric (1) is given by
£ =
1
2
gµν x˙
µ x˙ν ,
=
1
2
[
−gtt t˙2 + grr r˙2 + gφφ φ˙2 + gzz z˙2
]
, (19)
where dot stands derivative w. r. t. an affine parameter. From (1) and (19),
it is clear that there are exist three constants of motion corresponding to the
cyclic coordinates t, φ and z. These constants of motion are
pt = −E = −gtt t˙, pφ = gφφ φ˙ = L, pz = gzz z˙. (20)
The normalization condition is
gµν x˙
µ x˙ν = δ, (21)
where δ = 0 for null geodesics and δ = −1 for time-like.
For null geodesics in the z = const-planes, we have from the normalization
condition
−gtt t˙2 + grr r˙2 + gφφ φ˙2 = 0
⇒ r˙2 = (E
2 − L2)
grr gφφ
⇒ sinh r cosh r r˙ =
√
E2 − L2. (22)
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Figure 1: Null geodesics for different values of parameter.
The solution of above equation is
r(λ) = sinh−1[{2
√
E2 − L2 λ}1/2], E > L, (23)
where the constant of integration is taken zero.
For the radial null geodesics z˙ = 0 = φ˙, we have from (21)
− gtt t˙2 + grr r˙2 = 0⇒ r˙2 = E
2
grr gφφ
. (24)
The solution of eqn. (24) is
r(λ) = sinh−1[
√
2E λ]. (25)
Therefore, the first derivative of t with its solution from eqn. (20) for the
null geodesics is
t˙ =
E
gφφ
=
E
sinh2 r
=
E
2
√
E2 − L2 λ,
t(λ) =
E
2
√
E2 − L2 lnλ. (26)
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Therefore, from eqn. (26) it is clear that time coordinate t for the null
geodesics is incomplete i.e. the null geodesics coming from infinity hit the
singularity r = 0 (see fig 1).
(B) Geodesic expansion in the metric
Consider a congruence of radial null geodesics in the presented space-
time, having the tangent vectors Kµ(r) = (Kt, Kr, 0, 0), where Kt = dt
dλ
, and
Kr = dr
dλ
. The geodesic expansion is given by [31]
Θ = Kµ;µ =
1√−g
∂
∂ xi
(
√−g Ki). (27)
For the presented metric, one will get from above
Θ =
∂Kr
∂r
+
Kr√−g (
√−g)′. (28)
where prime denotes derivative w. r. t. r. We proceed by noting that
dKr
dλ
=
∂Kr
∂r
∂r
∂λ
,
dKt
dλ
=
∂Kt
∂r
∂r
∂λ
. (29)
Therefore, we get the final expression of the geodesic expansion (28)
Θ(r) =
1
Kr
dKr
dλ
+
Kr√−g (
√−g)′
=
1
Kr
[−Γrrr (Kr)2 − Γrtt (Kt)2] +
Kr√−g (
√−g)′
= −Γrrr Kr −
(Kt)2
Kr
Γrtt +
Kr√−g (
√−g)′ ,
=
2E
sinh2 r
> 0, (30)
which is positive, a fact which indicates the nature of singularity that is
formed due to scalar curvature is naked and would be observable for far
away observers.
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According to Clarke et.al. [32], a sufficient condition for the naked sin-
gularity to be strong in the sense of Tipler [33, 34] is that
lim
λ→0
λ2Rµν
dxµ
dλ
dxν
dλ
6= 0(> 0). (31)
Here dx
µ
dλ
is defined as the tangent vector fields to the radial null geodesics
and Rµν is the Ricci tensor. The weaker condition (known as the limiting
focusing condition [35]) is defined by
lim
λ→0
λRµν
dxµ
dλ
dxν
dλ
6= 0. (32)
For the presented metric (1), we have from condition (31)
lim
λ→0
λ2 [Rtt (
dt
dλ
)2 +Rrr (
dr
dλ
)2 +Rφφ (
dφ
dλ
)2 +Rzz (
dz
dλ
)2]
= lim
λ→0
2 λ2 (
dt
dλ
)2
= lim
λ→0
2E2 λ2
sinh4 r
= lim
λ→0
(
E2 λ2
2E2 λ2
)
> 0, (33)
where Rrr = 0, φ˙ = 0 = z˙. Similarly, if one can calculate the limiting
focusing condition (32), then it becomes zero. Thus the naked singularity
(NS) which is formed due to scalar curvature on the axis r = 0 satisfy the
strong curvature condition only. Therefore, the analytical extension of the
space-time through the singularity is not possible.
(C) The C-energy of the spacetime
A cylindrical symmetric spacetime is defined locally by the existence of
two commuting, spacelike Killing vectors, where the orbits of one Killing
vector is closed and the other one is open. For such a spacetime, there exist
coordinates (φ, z) such that the Killing vectors are (ξ(φ), ξ(z)) = (∂φ, ∂z). The
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metric tensor gµν therefore is independent of φ and z. The norm of these
Killing vectors are invariant, namely, the circumferential radius
r =
√
|ξ(φ)µ ξ(φ)ν gµν |, (34)
and the specific length
l =
√
|ξ(z)µ ξ(z)ν gµν |. (35)
The gravitational energy per unit specific length in a cylindrical symmetric
system (also known as C-energy) as defined by Thorne [5] is
U =
1
8
(
1− 1
4 π2
l−2∇µA∇µA
)
, (36)
where A = r l is the areal radius, and U is the C-energy scalar.
For the presented metric, r = sinh r and l = sinh r so that area of the
two-dimensional cylindrical surface A = sinh2 r. Hence the C-energy scalar
U is
U =
1
8
(1− 1
π2
) <
1
8
. (37)
The C-energy is defined in terms of the C-energy flux vector P µ which satisfies
the conservation law ∇µ P µ = 0. The C-energy flux vector P µ is defined by
P µ = 2 π ǫµνρσ U,ν ξ(z)ρ ξ(φ)σ, (38)
where ǫµνρσ is the Levi-Civita skew tensor, and we find the C-energy flux vec-
tor P µ = 0. The C-energy density measured by an observer whose worldline
has a unit tangent Uµ is
E = −P µ Uµ = 0, (39)
and the C-energy flux which the observer sees flowing in a direction nµ (tan-
gent vector to the singularity) orthogonal to his/her worldline is
F = P µ nµ = 0. (40)
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3 Conclusions
A cylindrical symmetric solution of the Einstein’s field equations possesses a
naked curvature singularity on the symmetry axis, was presented. The space-
time is conformally flat, static and the matter-energy content anisotropic
fluids violate the weak energy condition (WEC). Furthermore, the differ-
ent physical parameters, the energy density, and pressures are singular on
the symmetry axis and vanish rapidly at spatial infinity along the radial
direction. All cylindrical symmetric, and conformally flat static solutions,
satisfying the regularity conditions are well-known. In this work, we relaxed
the Darmois conditions, and the presented solution is a special case of the
known solutions [23, 24]. Finally, we discussed geodesic expansion in the
metric to understand the nature of singularity, and found that the curvature
singularity is naked which satisfies the strong curvature condition. Finally,
the C-energy of the cylindrical spacetime and the C-energy flux vector was
discussed.
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